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LEFT DERIVABLE OR JORDAN LEFT DERIVABLE MAPPINGS
ON BANACH ALGEBRAS
YANA DING AND JIANKUI LI ∗†
Abstract. Let δ be a linear mapping from a unital Banach algebra A into
a unital left A-module M, and W in Z(A) be a left separating point of M.
We show that the following three conditions are equivalent: (i) δ is a Jordan
left derivation; (ii)δ is left derivable at W ; (iii) δ is Jordan left derivable at
W . Let A be a Banach algebra with the property (B) (see Definition 3.1), and
M be a Banach left A-module. We consider the relations between generalized
(Jordan) left derivations and (Jordan) left derivable mappings at zero from A
into M.
Keywords: (Jordan) left derivation, generalized (Jordan) left derivation,
(Jordan) left derivable mapping.
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1. Introduction
Let A be a Banach algebra over the complex field C. As usual, for each A,B
in A, we write A ◦B for the Jordan product AB +BA, while A ·B or AB denotes
the ordinary product of A and B. The centre of A is Z(A) = {A ∈ A : AB = BA
for each B in A}. Let M be a left A-module. The right annihilator of A on M is
RannM(A) = {M ∈M : AM = 0 for each A in A}. An element W in A is said to
be a left separating point of M, if for each M in M satisfying WM = 0, we have
M = 0.
Let δ be a linear mapping from A into a left A-module M. δ is called a left
derivation if δ(AB) = Aδ(B)+Bδ(A) for each A,B in A, and is called a Jordan left
derivation if δ(A◦B) = 2Aδ(B)+2Bδ(A) for each A,B in A. Let C ∈ A. δ is said
to be left derivable at C if δ(AB) = Aδ(B) + Bδ(A) for each A,B in A satisfying
AB = C, and to be Jordan left derivable at C if δ(A ◦B) = 2Aδ(B) + 2Bδ(A) for
each A,B in A satisfying A ◦B = C.
∗Corresponding author. E-mail address: jiankuili@yahoo.com.
†This research was partially supported by National Natural Science Foundation of China
(Grant No. 11371136).
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The concepts of left derivations and Jordan left derivations are introduced
by Bresar and Vukman in [8]. For results concerning the relationship between
left derivations and Jordan left derivations on prime rings, we refer the reader
to [5, 8, 18, 19]. It’s natural that every (Jordan) left derivation is (Jordan) left
derivable at each point. There have been a number of papers concerning the study
of conditions under which (Jordan) derivations can be completely determined by the
action on some sets of points [1, 2, 3, 9, 10, 13, 16, 20, 21]. Using the techniques of
researching (Jordan) derivations, several authors are devoted to study the linear (or
additive) mappings on some algebras behaving like (Jordan) left derivations when
acting on special products. In [17], Li and Zhou study left derivable mappings at
zero on some algebras. In [11, 12], the authors consider a continuous mapping δ
satisfying Aδ(A−1) + A−1δ(A) = 0 for each invertible element A in von Neumann
algebras or Banach algebras. In [12, 14, 17], the authors characterize continuous
(Jordan) left derivable mappings at the identity or non-trivial idempotents on some
algebras. Let R be a 2-torsion free prime ring, and U be a Lie ideal of R satisfying
U2 ∈ U for each U ∈ U . Ashraf, Rehman and Ali[5] show that if an additive
mapping δ on R satisfying δ(U2) = 2Uδ(U) for each U in U , then either U ∈ Z(R)
or δ(U) = (0). In this paper, we study (Jordan) left derivable mappings at zero or
some non-zero points.
The paper is organized as follows. In Section 2, we characterize linear mappings
(Jordan) left derivable at some non-zero points without continuity assumption. Let
δ be a linear mapping from a unital Banach algebra A into a unital left A-module
M, and C be a non-zero element in A. If δ is left derivable at C, then C · δ is a
Jordan left derivation. In addition, when C ∈ Z(A), we prove that if δ is Jordan
left derivable at C, then C · δ is also a Jordan left derivation. Let I be the identity
of A, and W in Z(A) be a left separating point of M. As applications of the
preceding results, we conclude that δ is a Jordan left derivation if and only if δ is
(Jordan) left derivable at I or W , which generalizes the corresponding results in
[11, 12, 14].
In Section 3, we prove that if δ is a linear mapping from a Banach algebra A
into a Banach left A-moduleM, and δ is a generalized (Jordan) left derivation (see
Definition 3.2) with ξ inM∗∗, then ξ can be chosen inM when A is unital or when
M is a dual left A-module. Let A have the property (B) (see Definition 3.1). We
consider the relations between generalized (Jordan) left derivations and (Jordan)
left derivable mappings at zero from A into M.
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2. (Jordan) left derivable mappings at some non-zero points
In this section, we suppose that A is a Banach algebra with identity I and M
is a unital left A-module, unless stated otherwise. We consider linear mappings
(Jordan) left derivable at some non-zero points without continuity assumption.
At first, we consider a continuous mapping δ satisfying Aδ(A−1)+A−1δ(A) = 0
for each invertible element A in A. Fadaee and Ghahramani [12] consider it when
δ is continuous. In this paper, we use a different technique to consider it while δ
is not necessarily continuous.Replacing [12, Lemma 2.1] with the following Lemma
2.1, we have the assumption of continuity of δ is not necessary in [12, Proposition
2.2 and Theorem 2.5].
Lemma 2.1. Let δ : A → M be a linear mapping. If for each invertible element
A in A, we have
Aδ(A−1) +A−1δ(A) = δ(I),
then δ is a Jordan left derivation.
Proof. By assumption, we have δ(I) + δ(I) = δ(I). Thus, δ(I) = 0. Let A be
invertible in A. By Aδ(A−1) +A−1δ(A) = δ(I) = 0, it follows that
(1) δ(A) = −A2δ(A−1).
Let T ∈ A, n ∈ N+ with n ≥ ‖T ‖+ 1, and B = nI + T . Then B and (I − B) are
both invertible in A. By (1),
δ(B) =−B2δ(B−1) = −B2δ(B−1(I −B)2 −B)
=−B2δ(B−1(I −B)2) +B2δ(B)
=B2(B−1(I −B)2)2δ((I −B)−2B) +B2δ(B)
=(I −B)4δ((I −B)−2)− (I −B)2(I −B)2δ((I −B)−1) +B2δ(B)
=− δ((I −B)2) + (I −B)2δ(I −B) +B2δ(B)
=δ(B)− δ(B2) + 2Bδ(B).
Thus, δ(B2) = 2Bδ(B). Since B = nI + T , we have that δ((nI + T )2) = 2(nI +
T )δ(nI + T ), then
δ(T 2) = 2Tδ(T )
for each T in A. That is, δ is a Jordan left derivation. 
Theorem 2.2. Let δ : A →M be a linear mapping, and C be a non-zero element
in A. If δ is left derivable at C, then C · δ is a Jordan left derivation.
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Proof. If δ is left derivable at C, then δ(C) = δ(I · C) = Cδ(I) + δ(C). That
is, Cδ(I) = 0. Let A be invertible in A. We have that δ(C) = δ(A · (A−1C)) =
Aδ(A−1C) +A−1Cδ(A). So
A−1Cδ(A) = δ(C)−Aδ(A−1C),(2)
δ(A−1C) = A−1δ(C)−A−2Cδ(A).(3)
Let T ∈ A, n ∈ N+ with n ≥ ‖T ‖+ 1, and B = nI + T . Then B and (I − B) are
both invertible in A. By (2) and (3),
B
−1
Cδ(B) =δ(C)−Bδ(B−1C) = δ(C)−Bδ(B−1(I −B)C + C)
=(I −B)δ(C)−Bδ(B−1(I −B)C)
=(I −B)δ(C)−B[B−1(I −B)δ(C)− (B−1(I −B))2Cδ((I −B)−1B)]
=(I −B)B−1(I −B)Cδ((I −B)−1)
=(I −B)B−1[δ(C)− (I −B)−1δ((I −B)C)]
=− δ(C) +B−1δ(BC).
Thus, B−1δ(BC) = δ(C) +B−1Cδ(B). Then
δ(BC) = B ·B−1δ(BC) = Bδ(C) + Cδ(B).
Since B = nI + T , δ(nC + TC) = (nI + T )δ(C) + Cδ(nI + T ), that is
(4) δ(TC) = Tδ(C) + Cδ(T )
for each T in A. Then for each invertible element A in A, by (4),
δ(C) =Aδ(A−1C) +A−1Cδ(A)
=AA−1δ(C) +ACδ(A−1) +A−1Cδ(A)
=δ(C) +ACδ(A−1) +A−1Cδ(A),
that is, ACδ(A−1) + A−1Cδ(A) = 0 = Cδ(I) for each invertible element A in A.
Let δ˜ = C · δ. By Lemma 2.1, we have that δ˜ is a Jordan left derivation. 
Theorem 2.3. Let δ : A →M be a linear mapping, and C be a non-zero element
in Z(A). If δ is Jordan left derivable at C, then C · δ is a Jordan left derivation.
Proof. The proof is similar as the proof of Theorem 2.2. To complete, we give the
brief sketch of the proof in the following.
Suppose that for each A,B in A with A ◦ B = C, δ(C) = 2Aδ(B) + 2Bδ(A).
Take A = I and 2B = C, it’s easy to obtain that Cδ(I) = 0. Let A be invertible
in A. Since C ∈ Z(A) and 2 · δ(C) = δ(A · (A−1C) + (A−1C) · A), we have that
δ(C) = Aδ(A−1C) +A−1Cδ(A). So
A−1Cδ(A) = δ(C)−Aδ(A−1C),(5)
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δ(A−1C) = A−1δ(C)−A−2Cδ(A).(6)
Let T ∈ A, n ∈ N+ with n ≥ ‖T ‖+ 1, and B = nI + T . Then B and (I − B) are
both invertible in A. Using (5) and (6), through a series of calculations, we obtain
that
B−1δ(BC) = δ(C) +B−1Cδ(B).
Thus, δ(BC) = B ·B−1δ(BC) = Bδ(C)+Cδ(B). Since B = nI+T and Cδ(I) = 0,
we obtain that δ(TC) = Tδ(C) + Cδ(T ) for each T in A. Then for each invertible
element A in A, δ(C) = Aδ(A−1C)+A−1Cδ(A) = δ(C)+ACδ(A−1)+A−1Cδ(A),
that is, ACδ(A−1) + A−1Cδ(A) = 0 = Cδ(I). Let δ˜ = C · δ. By Lemma 2.1, we
have that δ˜ is a Jordan left derivation. 
By Theorems 2.2 and 2.3, it’s not difficult to show the following results.
Theorem 2.4. Let δ : A →M be a linear mapping. Then the following conditions
are equivalent:
(i) δ is a Jordan left derivation,
(ii) δ is left derivable at I,
(iii) δ is Jordan left derivable at I.
Proof. we only need to prove (i)⇒(ii). If δ is a Jordan left derivation, then by
δ(I) = 2δ(I), we have δ(I) = 0. For each A,B in A with AB = I, we have
δ(BA) = δ(A ◦B) = 2Aδ(B) + 2Bδ(A). By
2Bδ(B) =δ(B2) = δ(B(BA)B)
=B2δ(BA) + 3B(BA)δ(B) − (BA)Bδ(B)
=B2(2Aδ(B) + 2Bδ(A)) + 3B2Aδ(B) −Bδ(B)
=5B2Aδ(B) + 2B3δ(A)−Bδ(B),
we have 3Bδ(B) = 5B2Aδ(B) + 2B3δ(A). Then
3Aδ(B) =3A2 ·Bδ(B) = A2 · (5B2Aδ(B) + 2B3δ(A))
=5Aδ(B) + 2Bδ(A).
Thus, Aδ(B) +Bδ(A) = 0 = δ(AB) for each A,B in A with AB = I. That is, δ is
left derivable at I. 
Corollary 2.5. Let δ : A → M be a linear mapping, and X,Y be elements in A
with X+Y = I. If δ is left derivable at X and Y , then δ is a Jordan left derivation.
In addition, when X,Y ∈ Z(A), then δ is a Jordan left derivation if and only
if δ is Jordan left derivable at X and Y .
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Theorem 2.6. Let δ : A → M be a linear mapping, and W in Z(A) be a left
separating point of M. Then the following conditions are equivalent:
(i) δ is a Jordan left derivation,
(ii) δ is left derivable at W ,
(iii) δ is Jordan left derivable at W .
Proof. It’s obvious that δ is Jordan left derivable at W if δ is a Jordan left deriva-
tion. We only need to prove (i)⇒(ii), (ii)⇒(i) and (iii)⇒(i).
If δ is left derivable at W , or if δ is Jordan left derivable at W , then by
Theorems 2.2 and 2.3, W · δ is Jordan left derivation. For each A in A,
Wδ(A2) = 2AWδ(A).
Since W ∈ Z(A), we have Wδ(A2) = W · 2Aδ(A). Since W is a left separating
point ofM, we obtain that δ(A2) = 2Aδ(A) for each A in A. That is, δ is a Jordan
left derivation.
If δ is a Jordan left derivation, then for each B in A, by BW =WB,
δ(BW ) = δ(WB) = Bδ(W ) +Wδ(B).
On the other hand, for each A,B in A with AB =W , we have that
δ(BW ) = δ(BAB) = B2δ(A) + 3BAδ(B)−ABδ(B).
Thus
Bδ(AB) + 2ABδ(B) = B2δ(A) + 3BAδ(B)
for each A,B in A with AB =W . Multiply the equation by A at the left side,
ABδ(AB) + 2AABδ(B) = AB2δ(A) + 3ABAδ(B).
Since W = AB ∈ Z(A), we have Wδ(AB) = WBδ(A) +WAδ(B). And since W
is a left separating point of M, we obtain that δ(AB) = Bδ(A) + Aδ(B) for each
A,B in A with AB =W , i.e., δ is left derivable at W . 
By [17, 19], if A is a CSL algebra or a unital semisimple Banach algebra, then
every continuous Jordan left derivation on A is zero. So from Theorems 2.2 and
2.3 we have the following corollaries.
Corollary 2.7. Let A be a CSL algebra or a unital semisimple Banach algebra,
and δ be a continuous linear mapping on A. If δ is left derivable at I, or if δ is
Jordan left derivable at I, then δ = 0.
Corollary 2.8. Let A be as in Corollary 2.7, δ be a continuous linear mapping on
A, and W in A be a left separating point of A. If δ is left derivable at W , then
δ = 0.
In addition, when W ∈ Z(A), if δ is Jordan left derivable at W , then δ = 0.
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Remark 2.9. Let A be a unital Banach algebra, M be a unital Banach left A-
module, and W in Z(A) be a left separating point of M. Fadaee and Ghahramani
[12] prove that a continuous linear mapping δ : A →M is a Jordan left derivation
if Aδ(A−1) + A−1δ(A) = 0 for each invertible element A in A, or if δ is Jordan
left derivable at I. Ghahramani[14] prove that every continuous linear mapping
δ : A → M is a Jordan left derivation if δ is left derivable at I. Ebadiana and
Gordji[11] prove that a bounded linear mapping δ : A → M is a Jordan left
derivation if δ(AB) = Aδ(B) +Bδ(A) for each A,B in A with AB = BA =W . In
this Section, we improve the results in[11, 12, 14] without assume that δ is bounded
or continuous. Correspondingly, we conclude that every linear mapping δ : A →M
is a Jordan left derivation if Aδ(A−1) +A−1δ(A) = 0 for each invertible element A
in A, or if δ is (Jordan) left derivable at I or W .
Let R be a 2-torsion free ring with identity I which satisfies that for each T
in R, there is some integer n such that nI − T and (n − 1)I − T are invertible or
nI + T and (n+ 1)I + T are invertible. If we replace A with R and replace linear
mappings with additive mappings, then all of the above results in this section are
still true.
3. (Jordan) left derivable mappings at zero
In this section, we consider continuous linear operators (Jordan) left derivable
at zero. At first, we introduce a class of Banach algebras with the property (B).
Let A be a Banach algebra and φ be a continuous bilinear mapping from A × A
into a Banach space X . We say that φ preserves zero products if for each A,B in
A,
AB = 0 ⇒ φ(A,B) = 0.
Then the property (B) is defined as follows.
Definition 3.1. [3] A Banach algebra A is saied to have the property (B), if for
every Banach space X and every continuous bilinear mapping φ : A × A → X , φ
preserving zero products implies that for each A,B,C in A,
φ(AB,C) = φ(A,BC).
The class of Banach algebras with the property (B) includes C∗-algebras,
group-algebras, unitary algebras, and Banach algebras generated by idempotents.
Let A be a Banach algebra, and M be a Banach left A-module. M is called
essential if M = span{AM : A ∈ A,M ∈ M}. Let M∗ be the dual space of M.
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For each A in A and eachM∗ in M∗, we define the module multiplication M∗A in
M∗ by
〈M,M∗A〉 = 〈AM,M∗〉 (∀M ∈ M).
Then M∗ is a Banach right A-module called the dual Banach right A-module.
Similarly each Banach right A-module has a dual Banach left A-module. Note that
M∗∗ is a Banach left A-module, and we may regard M as a closed submodule
of M∗∗. In fact, the natural embedding ιM : M → M
∗∗ is a left A-module
homomorphism and the natural projection piM :M
∗∗∗ →M∗ is a right A-module
homomorphism. piM is the dual operator ι
∗
M
of ιM.
Next, we consider the following conditions on a continuous linear mapping δ
from a Banach algebra A into a Banach left A-module M:
(D1) for each A,B,C in A, AB = BC = 0 ⇒ ACδ(B) = 0,
(D2) for each A,B in A, AB = 0 ⇒ Aδ(B) +Bδ(A) = 0,
(D3) for each A,B in A, AB = BA = 0 ⇒ Aδ(B) +Bδ(A) = 0,
(D4) for each A,B in A, A ◦B = 0 ⇒ Aδ(B) +Bδ(A) = 0.
Similar to the definition of generalized derivations in [3], generalized (Jordan)
left derivations are defined as follows.
Definition 3.2. Let δ be a linear mapping from a Banach algebra A into a Banach
left A-module M. Then δ is called
(i) a generalized left derivation, if there exists an element ξ in M∗∗, such that
for each A,B in A,
δ(AB) = Aδ(B) +Bδ(A) −ABξ.
(ii) a generalized Jordan left derivation, if there exists an element ξ inM∗∗, such
that for each A,B in A,
δ(A ◦B) = 2Aδ(B) + 2Bδ(A)− (A ◦B)ξ.
Remark 3.3. If δ is a generalized left derivation, then there exists a mapping d :
A →M∗∗ satisfying d(A) = δ(A)−Aξ for each A in A. We denote that Rξ(A) = Aξ
for each A in A, then
δ = d+Rξ.
We cannot confirm that d is a left derivation since A is not necessarily commutative.
But if δ is a generalized Jordan left derivation, and d : A → M∗∗ is a mapping
satisfying
δ = d+Rξ,
then d is a Jordan left derivation.
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In the next four propositions, we establish several sufficient conditions which
imply that ξ can be chosen in M.
Proposition 3.4. Let A be a Banach algebra with identity I, M be an arbitrary
Banach left A-module, and δ : A →M be a generalized left derivation. Then there
exists an element ξ in M such that for each A,B in A,
δ(AB) = Aδ(B) +Bδ(A) −ABξ.
Furthermore,
δ is a left derivation ⇔ I · δ(I) = 0.
Proof. According to the definition of generalized left derivation, there exists an
element ζ in M∗∗ such that for each A,B in A,
(7) δ(AB) = Aδ(B) +Bδ(A)−ABζ.
Note this entails that ABζ ∈ M for each A,B in A. Define ξ = Iζ ∈ M, then on
account of (7), we have that for each A,B in A,
(8) δ(AB) = Aδ(B) +Bδ(A) −ABξ.
Furthermore, if δ is a left derivation, then δ(I) = I·δ(I)+I·δ(I), i.e., I·δ(I) = 0.
And if I · δ(I) = 0, then taking A = B = I in (8), we have ξ = I · δ(I) = 0. So
δ(AB) = Aδ(B) +Bδ(A) for each A,B in A. 
According to Cohen’s factorization theorem in [6], if a Banach algebra A has a
bounded left approximate identity, then for each C in A, there exist elements A,B
in A such that C = AB.
Proposition 3.5. Let A be a Banach algebra, M be a dual Banach left A-module,
and δ : A →M be a generalized left derivation. Then there exists an element ξ in
M such that for each A,B in A,
δ(AB) = Aδ(B) +Bδ(A) −ABξ.
If A has a bounded approximate identity (ρi)i∈I and δ is continuous, then
(i) δ is a left derivation ⇔ (ii) lim
i∈I
C · δ(ρi) = 0 for each C in A.
In addition, if RannM(A) = {0}, and M∗ is a predual right A-module of M, then
(i) ⇔ (ii) ⇔ (iii) σ(M,M∗)−lim
i∈I
δ(ρi) = 0.
Proof. According to the definition of generalized left derivation, there exists an
element ζ in M∗∗ such that for each A,B in A,
(9) δ(AB) = Aδ(B) +Bδ(A)−ABζ.
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Let M∗ be a predual right A-module of M, piM∗ : M
∗∗ → M be the natural
projection. Set ξ = piM∗(ζ) ∈ M. Since piM∗ is a left A-module homomorphism,
applying piM∗ to (9), we arrive at that for each A,B in A,
(10) δ(AB) = Aδ(B) +Bδ(A) −ABξ.
If A has a bounded approximate identity (ρi)i∈I and δ is continuous, then by
(10), it follows that
A · δ(B) = A · lim
i∈I
δ(Bρi)
= lim
i∈I
(ABδ(ρi) +Aρiδ(B)−ABρiξ)
= lim
i∈I
ABδ(ρi) +Aδ(B) −ABξ.
Thus, lim
i∈I
ABδ(ρi) = ABξ for each A,B in A. According to Cohen’s factorization
theorem, we have that
(11) lim
i∈I
C · δ(ρi) = C · ξ
for each C in A.
(i)⇒(ii) If δ is a left derivation, then by (10), we have ABξ = 0 for each A,B in
A, i.e., Cξ = 0 for each C in A, and then by (11), we arrive at that
lim
i∈I
C · δ(ρi) = 0
for each C in A.
(ii)⇒(i) If lim
i∈I
C ·δ(ρi) = 0 for each C in A, then by (11), we have Cξ = 0 for each
C in A, and then by (10), we arrive at that
δ(AB) = Aδ(B) +Bδ(A)
for each A,B in A, i.e., δ is a left derivation.
In addition, if RannM(A) = {0}, we claim that M∗ = M∗A. For otherwise,
there exists an elementM inM\{0} such that 〈M∗C,M〉 = 0 for each C in A and
M∗ in M∗. It follows that 〈M∗, CM〉 = 0 for each C in A and M∗ in M∗, and so
CM = 0 for each C in A. Since RannM(A) = {0}, then M = 0 which contradicts
that M ∈ M \ {0}. So M∗ =M∗A.
(ii)⇒(iii) Suppose that lim
i∈I
C · δ(ρi) = 0 for each C in A. For each M∗ in M∗,
there exist αj in C, (N∗)j in M∗, and Cj in A (n = 1, 2, ..., n) such that
M∗ =
n∑
j=1
αj(N∗)jCj . Thus
lim
i∈I
〈M∗, δ(ρi)〉 = lim
i∈I
〈
n∑
j=1
αj(N∗)jCj , δ(ρi)〉
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= lim
i∈I
n∑
j=1
αj〈(N∗)jCj , δ(ρi)〉 = lim
i∈I
n∑
j=1
αj〈(N∗)j , Cjδ(ρi)〉.
Since {‖δ(ρi)‖ : i ∈ I} is bounded, we have that for each M∗ in M∗,
lim
i∈I
〈M∗, δ(ρi)〉 = 0. So (iii) holds.
(iii)⇒(i) If σ(M,M∗) − lim
i∈I
δ(ρi) = 0, then by (11), for each C in A and M∗ in
M∗,
〈M∗, C · ξ〉 = lim
i∈I
〈M∗, C · δ(ρi)〉 = lim
i∈I
〈M∗ · C, δ(ρi)〉 = 0.
Thus C · ξ = 0 for each C in A. With (10),
δ(AB) = Aδ(B) +Bδ(A)
for each A,B in A. That is, δ is a left derivation. 
The proof of the following theorem is similar to the proof of Proposition 3.4.
We leave it to the reader.
Proposition 3.6. Let A and M be as in Proposition 3.4, and δ : A → M be a
generalized Jordan left derivation. Then there exists an element ξ in M such that
for each A,B in A,
δ(A ◦B) = 2Aδ(B) + 2Bδ(A)− (A ◦B)ξ.
Furthermore,
δ is a Jordan left derivation ⇔ I · δ(I) = 0.
Proposition 3.7. Let A and M be as in Proposition 3.5, and δ : A → M be a
generalized Jordan left derivation. Then there exists an element ξ in M such that
for each A,B in A,
(12) δ(A ◦B) = 2Aδ(B) + 2Bδ(A)− (A ◦B)ξ.
If A has a bounded approximate identity (ρi)i∈I and δ is continuous, then
δ is a Jordan left derivation ⇔ lim
i∈I
A2 · δ(ρi) = 0 for each A in A.
Proof. The existence of ξ ∈ M can be proved similarly as the proof given in
Proposition 3.5.
If A has a bounded approximate identity (ρi)i∈I and δ is continuous, then with
the following equation
(13) 2AρiA = (A ◦ (A ◦ ρi))−A
2 ◦ ρi
for each A in A, we obtain that
2δ(AρiA) = δ(A ◦ (A ◦ ρi))− δ(A
2 ◦ ρi)
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= 2A2δ(ρi) + (6Aρi + 2ρiA)δ(A) − 2ρiδ(A
2)− (2A2ρi + 4AρiA)ξ.
By taking limits in the above identities, we arrive at that
2δ(A2) = lim
i∈I
2δ(AρiA)
= lim
i∈I
(2A2δ(ρi) + (6Aρi + 2ρiA)δ(A) − 2ρiδ(A
2)− (2A2ρi + 4AρiA)ξ)
= 2 lim
i∈I
A2δ(ρi) + 8Aδ(A)− 2δ(A
2)− 6A2ξ.
Since 2δ(A2) = δ(A ◦A) = 4Aδ(A)− 2A2ξ, we obtain that
(14) lim
i∈I
A2δ(ρi) = A
2ξ
for each A in A.
Conversely, if δ is a Jordan left derivation, by (12), then (A ◦B)ξ = 0 for each
A,B in A. With (14), we have that for each A in A
lim
i∈I
A2δ(ρi) = A
2ξ = 0.
And if lim
i∈I
A2 · δ(ρi) = 0 for each A in A, then by (14), we have A
2ξ = 0 for each
A in A. With (12), we have that δ(A2) = 2Aδ(A) for each A in A. That is, δ is a
Jordan left derivation. 
Now, we arrive at our main goals on the basis of the above results.
Theorem 3.8. Let A be a Banach algebra with the property (B) and have a bounded
approximate identity, M be a Banach left A-module with RannM(A) = {0}, and
δ : A →M be a continuous linear operator. Then δ satisfies (D1) if and only if for
each C in A, C · δ is a generalized left derivation.
Furthermore, let C be a element in A. If C · δ is a generalized left derivation
with ξ in M∗∗, then ξ can be chosen in M in each of the following cases:
(i) A is unital,
(ii) M is a dual left A-module.
Proof. If δ satisfies (D1), then for each A′, B′ in A with A′B′ = 0, we define the
bilinear map φ : A×A →M by
φ(A,B) = AB′δ(BA′)
for each A,B in A. For each A,B in A with AB = 0, since ABA′ = BA′B′ = 0,
we have that
φ(A,B) = 0.
Since A has the property (B), we have that for each A,B,C in A, φ(AB,C) =
φ(A,BC), i.e.,
(15) ABB′δ(CA′) = AB′δ(BCA′).
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Now we fix A,B,C in A, and consider the bilinear mapping ψ : A×A→M such
that for each A′, B′ in A,
ψ(A′, B′) = ABB′δ(CA′)−AB′δ(BCA′).
On account of (15), ψ(A′, B′) = 0 for each A′, B′ in A with A′B′ = 0. Since A has
the property (B), it follows that
ψ(A′B′, C′) = ψ(A′, B′C′)
for each A′, B′, C′ in A. Thus, for each A′, B′, C′, A,B,C in A,
(16) ABC′δ(CA′B′)−AC′δ(BCA′B′)
= ABB′C′δ(CA′)−AB′C′δ(BCA′).
Denote δ˜ = C′δ for each C′ in A, and X = CA′ , then for each X,B′, A,B in A,
A(δ˜(BXB′)−Bδ˜(XB′)−B′δ˜(BX) +BB′δ˜(X)) = 0.
Since RannM(A) = {0}, we have that for each X,B
′, B in A,
(17) BB′δ˜(X) = Bδ˜(XB′) +B′δ˜(BX)− δ˜(BXB′).
Let (ρi)i∈I be a bounded approximate identity of A. Since the net (δ(ρi))i∈I
is bounded, it has a convergent subnet. Without loss of generality, we can assume
that there exists an element ξ in M∗∗ such that lim
i∈I
δ˜(ρi) = lim
i∈I
C′δ(ρi) = ξ with
respect to the topology σ(M∗∗,M∗). With (17), we have that for each B′, B in A,
BB′δ˜(ρi) = Bδ˜(ρiB
′) +B′δ˜(Bρi)− δ˜(BρiB
′).
Therefore, the net (BB′δ˜(ρi))i∈I satisfies
lim
i∈I
BB′δ˜(ρi) = Bδ˜(B
′) +B′δ˜(B)− δ˜(BB′)
with respect to the norm topology. On the other hand, for each M∗ in M∗, with
respect to σ(M∗∗,M∗), we have that
〈M∗, lim
i∈I
BB′δ˜(ρi)〉 = lim
i∈I
〈M∗, BB
′δ˜(ρi)〉 = lim
i∈I
〈M∗BB
′, δ˜(ρi)〉
= lim
i∈I
〈M∗BB
′, ξ〉 = lim
i∈I
〈M∗, BB
′ξ〉
Thus there exists ξ in M∗∗ such that for each B′, B in A,
δ˜(BB′) = Bδ˜(B′) +B′δ˜(B)−BB′ξ,
i.e., δ˜ is a generalized left derivation.
If for each C in A, C · δ is a generalized left derivation, then for each A,B,D
in A with AB = BD = 0, we have that
0 = Dδ(AB) = ADδ(B) +BDδ(A)−ABξ = ADδ(B).
Hence, ADδ(B) = 0 for each A,B,D in A with AB = BD = 0.
Furthermore, let C in A. If C · δ is a generalized left derivation with ξ inM∗∗,
then by Propositions 3.4 and 3.5, ξ can be chosen in M if A is unital, or if M is a
dual left A-module. 
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Theorem 3.9. Let A andM be as in Theorem 3.8, and δ : A →M be a continuous
linear operator. If δ satisfies (D2), then for each C in A, C · δ is a generalized left
derivation.
Furthermore, let C be a element in A. If C · δ is a generalized left derivation
with ξ in M∗∗, then ξ can be chosen in M in each of the following cases:
(i) A is unital,
(ii) M is a dual left A-module.
Proof. Take A,B,C in A satisfying AB = BC = 0, then
0 = A · (Bδ(C) + Cδ(B)) = ABδ(C) +ACδ(B) = ACδ(B).
For each C in A, let δ˜ = C · δ. By Theorem 3.8, δ˜ is a generalized left derivation
with ξ in M∗∗. 
Remark 3.10. In Theorem 3.9, if there exists an element C in Z(A) and C is a left
separating point of M, then δ satisfies (D2) if and only if δ is a generalized left
derivation.
Theorem 3.11. Let A be a Banach algebra with the property (B) and have a
bounded approximate identity, M be a Banach left A-module, and δ : A →M be a
continuous linear operator. Then δ satisfies (D3) if and only if δ is a generalized
Jordan left derivation.
Furthermore, if δ is a generalized Jordan left derivation with ξ in M∗∗, then
ξ can be chosen in M in each of the following cases:
(i) A is unital,
(ii) M is a dual left A-module.
Proof. If δ satisfies (D3), then for each A′, B′ in A with A′B′ = 0, we define the
bilinear map φ : A×A →M by
φ(A,B) = B′Aδ(BA′) +BA′δ(B′A)
for each A,B in A. For each A,B in A with AB = 0, since B′ABA′ = BA′B′A = 0,
we have
φ(A,B) = 0.
Since A has the property (B), we have that for each A,B,C in A, φ(AB,C) =
φ(A,BC), i.e.,
(18) B′ABδ(CA′) + CA′δ(B′AB) = B′Aδ(BCA′) +BCA′δ(B′A).
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Now we fix A,B,C in A, and consider the bilinear mapping ψ : A×A→M such
that for each A′, B′ in A,
ψ(A′, B′) = B′ABδ(CA′) + CA′δ(B′AB)−B′Aδ(BCA′)−BCA′δ(B′A).
For each A′, B′ in A with A′B′ = 0, on account of (18), ψ(A′, B′) = 0. Since A has
the property (B), it follows that for each A′, B′, C′ in A,
ψ(A′B′, C′) = ψ(A′, B′C′).
Thus, for each A′, B′, C′, A,B,C in A,
(19) C′ABδ(CA′B′) + CA′B′δ(C′AB)− C′Aδ(BCA′B′)−BCA′B′δ(C′A)
= B′C′ABδ(CA′) + CA′δ(B′C′AB)−B′C′Aδ(BCA′)−BCA′δ(B′C′A).
By taking into account that all the terms in (19) involve C′A and CA′, we concluded
that for each A,B,C,D in A,
(20) ABδ(CD) + CDδ(AB) −Aδ(BCD) −BCDδ(A)
+DAδ(BC) +BCδ(DA) −DABδ(C) − Cδ(DAB) = 0.
Let (ρi)i∈I be a bounded approximate identity of A. Since the net (δ(ρi))i∈I is
bounded, it has a convergent subnet. Without loss of generality, we can assume
that there exists an element ξ in M∗∗ such that lim
i∈I
δ(ρi) = ξ with respect to the
topology σ(M∗∗,M∗). Applying (20) with A = C = ρi, we have
ρiBδ(ρiD) + ρiDδ(ρiB)− ρiδ(BρiD)−BρiDδ(ρi)
+Dρiδ(Bρi) +Bρiδ(Dρi)−DρiBδ(ρi)− ρiδ(DρiB) = 0.
Then with respect to the topology σ(M∗∗,M∗),
δ(B ◦D) = δ(BD) + δ(DB)
= lim
i∈I
(ρiδ(BρiD) + ρiδ(DρiB))
= lim
i∈I
(ρiBδ(ρiD) + ρiDδ(ρiB)−BρiDδ(ρi)
+Dρiδ(Bρi) +Bρiδ(Dρi)−DρiBδ(ρi))
= Bδ(D) +Dδ(B)−BDξ +Dδ(B) +Bδ(D)−DBξ
= 2Bδ(D) + 2Dδ(B)− (B ◦D)ξ.
Thus there exists ξ in M∗∗ such that for each B,D in A,
δ(B ◦D) = 2Bδ(D) + 2Dδ(B)− (B ◦D)ξ,
i.e., δ is a generalized Jordan left derivation.
If δ is a generalized Jordan left derivation, it’s obvious that for each A,B in A
with AB = BA = 0, we have that
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0 = δ(AB) + δ(BA) = δ(A ◦B)
= 2Aδ(B) + 2Bδ(A)− (A ◦B)ξ = 2(Aδ(B) +Bδ(A)).
Thus, Aδ(B) +Bδ(A) = 0 for each A,B in A with AB = BA = 0.
Furthermore, if δ is a generalized Jordan left derivation with ξ in M∗∗, then
by Propositions 3.6 and 3.7, ξ can be chosen in M if A is unital, or if M is a dual
left A-module. 
Theorem 3.12. Let A and M be as in Theorem 3.11, and δ : A → M be a
continuous linear operator. Then δ satisfies (D4) if and only if δ is a generalized
Jordan left derivation.
Furthermore, if δ is a generalized Jordan left derivation with ξ in M∗∗, then
ξ can be chosen in M in each of the following cases:
(i) A is unital,
(ii) M is a dual left A-module.
Proof. If δ satisfies (D4), we consider A,B in A with AB = BA = 0, then A◦B =
0. With property (D4), we have that Aδ(B) +Bδ(A) = 0, and δ satisfies (D3). By
Theorem 3.11, δ is a generalized Jordan left derivation.
And if δ is a generalized Jordan left derivation, it’s obvious that for each A,B
in A with A ◦B = 0, we have
0 = δ(A ◦B) = 2Aδ(B) + 2Bδ(A)− (A ◦B)ξ = 2(Aδ(B) +Bδ(A)).
Thus, Aδ(B) +Bδ(A) = 0 for each A,B in A with A ◦B = 0. 
Corollary 3.13. Let A be a Banach algebra with the property (B) and have a
bounded approximate identity, M be a Banach left A-module, and δ : A →M be a
continuous linear operator. Then the following conditions are equivalent:
(i) δ is a generalized Jordan left derivation,
(ii) δ satisfies (D3),
(iii) δ satisfies (D4).
Furthermore, with one of the above conditions, we have that
δ is a Jordan left derivation ⇔ lim
i∈I
A2 · δ(ρi) = 0 for each A in A.
However, if A has identity I, then
δ is a Jordan left derivation ⇔ I · δ(I) = 0.
Corollary 3.14. Let A be a Banach algebra with the property (B) and have a
bounded approximate identity, M be a Banach left A-module with RannM(A) =
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{0}, and δ : A →M be a continuous linear operator. Then when δ satisfies (D1)
or (D2), we have that for each C in A, δ˜ = C · δ is a generalized left derivation.
Furthermore, if A has identity I, then
δ˜ is a left derivation ⇔ I · δ˜(I) = 0.
Or if M is a dual left A-module, and M∗ is a predual right A-module of M, then
(i) δ˜ is a left derivation ⇔ (ii) lim
i∈I
C · δ˜(ρi) = 0 for each C in A
⇔ (iii) σ(M,M∗)− lim
i∈I
δ˜(ρi) = 0.
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